Multiple Integral



Double Integrals over Rectangles

Remark :

1. LetP={X,,X;,...,X Jand a=X, <X, <---<X, =D
Then P is called a partition of [a, b]
2.Define AX; =X, -X.,, 1=1,2,...,n

3.| P |=max{AX,,AX,,...,AX }The norm of P

4.Choose xi €[x,,,x.],i=1,2,..n, xi is called a
sample point. (AR #xEf)



5.The definite Integral of f on|a, b]

[ 00dx = lim > f(xi)Ax, = The area of S
=1

a |P|—>0 :

A1

S={(X,y)|a<x<b,0<y<f(X}




5. The definite Integral of f on|a, b]

[ 09dx = lim > f(xi)Ax, = The area of S
=1

a P[>0 :



6. A closed rectangle R

R =[a,b]x[c,d]={(x, y) eR*|a<x<bh,c<y<d}
Example : Rectangle
1.[0,1]x[2,4]1={(x, y) eR*|0<x <1,2<y <4}
2.[1,2]x[2,3]




Double Integrals and Volumes

Let R =[a,b]x[c,d],S={(x, V,2) eR’| (X, y) e RO <z <f(X, y)}
To find the volume of S-V(S)

’ Similarly to define [ f(dx

Divide the rectangle R into subinterva Is




[a, b]is divided into m subinterva 1[X,, X, ]
i1=1,2,---m, AX; =X, - X,,,and [c,d] is divided

into nsubinterva Iy, ,,y;1, Ay;=y,;-V¥;.,]=12,---n
Define R, =[x, X;Ixly.,y;]11=1,---m;j=1,---n
The area of R, Is AA;; = AX;Ay;

choose a sample point (x;;,y;) in each R;

The volume of Scan approximate » > f(x;,y;)AA,

=1 i=1

e V(S) » Zn: if(xfj, Yi)AA;

j=1 i=1



Let | P | denote the length of the longest diagonal
R.,1=12---m;j=12---n

ij?
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Definition :
The double integral of f over the rectangle R is _[ j f(x, y)dA
R

j j f(x, y)dA = |gmo_zm:zn:f(x;;, Vi)AA,

R =1l j=1



if this limit exists
nerties :

Pro
1. j cf(x, y)dA =c j j f(x, y)dA

2. [[ (fx, y)+9(x, Y)AA = [[fx, )dA + [[ g(x, y)dA
3.0F (X, y) > g(X, y) V(X ¥) € R, then
|, Y)dA > [ g(x, y)dA

R R



Definition :

1.f is integrable on R, if lim ZZf(X Vi) AA, exist

P=04T i1

2. j I f(x, y)dA is called the double integral of f over R
R

Theorem 1

Let f be bounded on the closed rectabgle R

(1) If fIs continuous on R, then f Is integrable on R

() If fIs continuous on R except on a finite number of
smooth curves, then f is integrable on R



Definition
1.1f lim f(x, y) =1(a, b), then f is continuous at (a, b)

(xy)—>(a,b)
2.1f T is continuous atall (a,b) € R, then f is continuous on R

Example :

1.1(x, y) =sinxy, (X,y¥) € R =[0, 7]x[0,2x]
f Is continuous on R

2.f(x, y) =x°y+ X, R =[0,0) x[0, =)
f Is continuous on R

X,x;tO

3'1:()(’ y) —\1 X
0,x=0
f is not continuous on (0,1)

f Is not continuous on (0, w), Yw



lterated Integrals

313
Fixed y, Let A(y) = j X°ydx =y - — Ey

3 1 3
Consider jo A(y)dy = jo ( jl x2ydx)dy
Remark :

For function f(x, y), R =[a, b]x[c,d]

1. Let A(X) = jcd f(x, y)dy, B(y) = jab f(x, y)dx

Iab A()dx = Lb ( _[Cd f(x, y)dy)dx is called an iterated integral



lterated Integrals

Suppose that [ is a function of two variables that is integrable on the rectangle
R = [a,b] X [c.d]. We use the notation (" f(x, y) dy to mean that x is held fixed (and
treated as a constant) and f(x, v} is integrated with respect to v from y = ¢ to y = d, This
procedure is called partial integration with respect to y. (Notice its similarity to partial dif-
ferentiation.) Now '|‘," f{x, v) dy 15 a number that depends on the value of x, so it defines a
function of x;

Aly) = " flx,y) dy ‘:‘

. b
EI [} [ flz, y)dyde = SA(’Q‘J?L

=



lterated Integrals

If we now integrate the function A with respect to x from X = a 1o x = b, we get

3 Alx)dx = |.h [|"Jf( Gy va dx

The integral on the right side of Equation 7 is called an iterated integral. Usually the
brackets are omitted. Thus

A = flr,v)

3 b
o N

"1 f(x. y)dydx = AC‘KJA‘K
=] o [ (2. y)dyd mS



lterated Integrals

Similarly. the iterated integral

5 | 1”'_;5'[.1', v) dx dy |._, ‘ Ii" flx, v) dx | dy

- o
—v——p=

e
b .

Figure 68 l:“ L:' Jx, y)dedy




2. [ [ #(x, y)dydx =[" ([ f(x, y)dy)dx

d eb d b
3. | | fx yydxdy =[ (| f(x, y)dx)dy
Example :evaluate

(i) f’ rxzydxdy (i) f’ j“xzydydx
(1) f jo—(64 8X + y°)dydx
(Iv) _f jo — (64 -8x + y?)dxdy

(V) jo L (3% + 2y)dxdy



Theorem 2 (Fubini' s Theorem)
If fis continuous on R =[a, b]x][c,d], the

[[fox yyaA = [*[*fx, yydxdy = [ [ x, y)dydx

R

Ex:
1. Find _”(x -3y?)dA, where R =[0,2]x[1,3]
R

2. Find HysinxydA , where R =[0,2]x[0, ]
R

ANS : I I ysinxydA = JOZ J'Oﬂ ysinxydydx =?

R

T 2 . T 2 T
But IO _[O ysinxydxdy = _fo (—cosxy)‘odyz _fo (1- cos2y)dy
=7r—(%sin2y‘7g) =n-0=rx
3. Find "xcosxydA, where R =[0, 7] %[0, 7]
R

crl+y
1+X

4. Find dA,where R ={(X, y) |-1<x<2,0<y<1}

R



Exercises
1.Let R ={(x,y)|1< x <3,0<y < 2}, Evaluate

j j f(x, y)dA, where f is the given function
R

] C12,1=x<3,0sy=<2
T y) = 3,3<x<4,0<y<?2

(2,1<x<4,0<y<1

2.f(X, y)=41,1<x<3,1<y<2
4,3<Xx<4,1<y<?2

2.1f R =[0,1]x]0,1], show that
ngjsin(x +y)dA <1
R




3.LetR, ={(X, y)|0<x<2,0<y<1} R =[0,2]x[0,2]
R,={(x, y)|0<x<2,1<y<?2}

Suppose that j j f(x, y)dA =4, H g(x, y)dA =6, j _[ g(x, y)dA =2

Evaluate
L[] @4fx, y) - g(x, y))dA

2. [[3g(x, y)dA
)

3. [[ ftx, y) + 4)dA

R

4. [[ (3f(x, y) +4g(x, y))dA




4. Evaluate each of the interated integrals

(i jj [ “f(x, y)dydx, where f(x, y) = x2y
(i jol jolxexydxdy

(Tl
(in) J'xsmydxdy

) [ Ldydx
0]+ x°

v [ j | x2y? dydx
Vi) [ [ [x*y°dydx

vi) [ .01y dydx



5. Calculate the double integral
() [[2y*-3xy*)dA R ={(x y)i<x<2,0<y<3]
R

(ii) jR j xcos(X + y)dA, R =[0, E]X [0, 5]

i) ([ dA R ={(x y)|-1<x<2,0<y<1}
w2+y

R

(iv) xye* V' dA, R =[0,1]x[0,1]

(V) ”xy\/1+x2dA, R={(X,¥y)|0<x< J3,1< y<2}



6. Find the volume of the solid lying under the plane
Z =2x+5y+1and above the rectangle
{x y)[(-1<x<0,1<y<4)

/. Evaluate the interated integral

(i) j; [["cosxdydx (il j; f (3% - y2)dydx
1 3 2 ] 1 el 3

(i) fo Lye dxdy (V) jo f 5 V1+ X dxdy

(v) E jf 2ye*dxdy (vi) jo“ f/zeyzdydx



8. Evaluate H \/1-x2 -y?dA, where D={(x, y) | x* +y* <1}
D

9.Find the volume of the given solid
(i) Bounded by the cylinders x*+y* = 2° and
y2 + Z2 _ 22
(i) Bounded by the planes x=0,y=0,z=0
and X +y+z=1



Double Integral over General Regions

Let D be a bounded region and D — R, f is a function defined
on D. Define a new function

z

Oif (x,y)isin R butnotin D

A o y) - {f(x, ) if (x,y)eD

s :




Definition
1. The double integral of f over D is

[ 10, )dA = [ F(x, y)dA

2. A plane region D is said to be of type | if

D={(x,y)|la<x<b,g,(x) <y<g,(x)},
where g,, g, are two continuous function.

3. A plane region D is said to be of type Il If

D =1(x ) [h,(y) <x<h,(y), c<y<d},
where h,, h, are two continuous function.



Example :
1.D,={(x, y)|0<x <, sinx <y<1} Typel

2.D, ={(x, ) |-1<y<1,2y* <x <1+y°}, Type Il
Properties :

1. 1f T Is continuous on a type | region D such that
D={(xy)la<x<Db,g;(X) <y=<g,(X)}

then [[(x, y)dA = Lb [ (x, y)dydx
D

01 %)

2. 1f fIs continuous on a type Il region D then

[[x, y)dA = jcd [ P8, y)dxdy

h
D 1(y)

where D ={(x, y) | h,(y) £x<h,(y),c<y<d}




Example :
1. Evaluate j j (X + 3y)dA
D

Where D ={(x, y) | -1< x <1,2x* <y <1+x°}

ANS :

j j (X +3y)dA = j ]le;x 2 (X + 3y)dydx
= [ x(1+x° -2x2)+§((1+ x?)? - (2x2)?)dx

:J'lx+x3-2x3+§+3x2+§x4-4x4dx
1 2 2



2. Evaluate _[ _[ xydA where D is the region bounded by
D

the line y = x -1and the parabola y* = 2x + 6

(3,0

/(—1 s=2)

& y=x4l
G
x Sol:
= D={xy)
=1 Y)
[ xyan=]




3.Find the volume of the tetrahedron bounded by the planes
X=2y,Xx=0,z=0and X +2y+z=2
Sol:

D={(x,y)|0<x<1,2
X42¥+4z=2 2

2-x
010 ARV = ijz -X - 2ydA = joljzz (2- X - 2y)dydx

il %
.. 1
/ ¢ lm x+2y+0=2 = §

2-X
<y<— =
y 2}




Lel . o 1
4. Evaluate jo Lsm(y )dydx; E(1-0051)

1 el
5. Evaluate jo L cos(y?)dydx

Sol:

D={(x,y)|0<x<1,x<y<1}
={(x, y)|0<y<1,0<x<y}




Double Integrals in Polar Coordinates
Consider R={(r,0)|a<r<b,a<0<p

a b

Polar rectangle



Example :

1.R ={(r,0)|0<r<1,0<0 <27}

2.R ={(r, 6)
3.R={(r, )

1<r<3,0<0< r}

1<r<32<g<t
3 2

7w T

The area of Ris A(R) = (3% - 7-12) 23

27T

1,5, o , T T
->@1)-(C-0)

=—7

3

i3



4.R;={(r,0)|r,<r<r,0,<0<06}
The area of R;; - AA;;Is

1 1 1
AA; = > [FAG, - > LAG, = > (r + 1)1 -1, AG,

=1, ALA,

Where Ar, =1, -1, A0, =60,-0,, 1=1,---m; J=1,---n

The Riemanu sum of fon R Is

>N (r cosd;, rsin ) AA,

=1 j-1

=Y > f(rcos&;, r;'sin &) Ar, A6,
i=1

1

—> jﬂjbf(rcos @, rsin O)rdrd &



Properties
l.LetR={(r,0)|a<r<h,a <0< F}beapolar
rectangle and 0 < - <27z If fis continuous on R, then

. ,B b -
_[f(X, y)dA = j' J'a f(rcos @, rsin B)rdrd &
R

2.LetD={(r,0)|a <0< B,h,(6)<r<h,(0)}beapolor
region. If f is continuous on D then

Hf(x y)dA = j jh " f(rcos 0, rsin O)rdrd 6



Example :
1. Evaluate || (4y*+3x)dA
R

whereR ={(x, y) |y >0,1< x* +y* <4}
Sol:
R={(x,y)|y=>0,1<x*+y* <4}
={(r,0)|1<r<2,0<0< r}

j j (4y® +3X)dA = IO” jl ’ (4(rsin 6)° + 3rcos)rdrd &
R

= j: (15sin °6 + 7cos)d &

15
=—7
2



2.Find the volume of the solid bounded by the plane z=0

and the paraboloid z =1-x* -y’
Sol:
D={(r,0)|0<r<1,0<0<2x}

V:”(l-xz-yz)dA

:IOZ”IJ(l- r*)rdrd @

T

>
2 . 7




Example :
Evaluate j j e ® Y IgA
RZ

where R? ={(X, y) | -0 < X < 00, -00 < Y < o0}
Sol:

Consider D, ={(r,0)|0<r<n,0<6<2r}
j j e ®IGA = lim j j e ™I dA
R? D,

n—ooo

- rl]iinoo IOZ” jon e rdrd@ = rI]iLnoo IOM (% - % e )dé

=T



The Cross Product

Definition

Let a, b be two nonzero three dimensiona | vectors

1.The inner product of aand bisa-b=[a|/b|cosé

2. The cross product of aand b is the vectoraxb=(|a|lb|sin&)n
where @ is the angle betweenaand b,0<8 < z,and nis a unit
vector perpendicu lar to both a and b and whose direction is given
by the right - hand rule : If the fingers of your right hand curl through
the angle & from a to b, then your thumb points in the direction of n



|

> | QO
(@
N
1=

Properties
1l.aand b are parallel if and only if axb=0
2.1=(1,0,0), j=(0,1,0),k =(0,0,1)
() ixj=k,jxi=-k
(i) jxk=1, kxj=-i
(i) kKxi=],ixk=-]
3.axp=-bxa



4.Let c bea, ascalar
() (ca)xb=c(axb)=ax(ch)
() ax(b+D)=axb+axD
() (@+b)xD=axD+bxD
5.1fa=(a,,a,,a,),b=(b,,b,,b,),then
axb=(a,b,-a,b,,ab,-a,b,,a,b,-a,b,)

| K
— |a aJ a _aZ a3i a'l a3'+a‘1 a2k
L ‘ o b2 b3 bl b3J bl b2
bl b2 b3

i The areaof RIS
%e R /b AR) =|axb]|




Example
1.a=(1,2,0),b=(2,-1,3)

T T ¢
axb={1 2 0|=61-3j-5k
2 -1 3
T T ¢
bxa=2 -1 3|=-61+3]+5k
1 2 0
2.a=(1,3,4),b=(2,7,-5)
axb=-43i+13j+k
a=I1+]+Kk b=1+]-Kk,Find axb

3.
4.Find two unit vecto rs orthogonal to both i+ jand i- j+Kk



S

Definition :

1. parametric curve : 4

urface Area

(X = X(t)

a1
y=y() ’ P

2. The set of all points (x,y,z) e R®

such that -

X = X(u, V)
y=Yy(u, V), (U, Vv)eDcR?

z=2(u, V)

Is called a parametric surface S



Example :
1.S={(x, y,2) | x =2cosu, y =V, z = 2sinu}
Sis a parametric surface
Forany (x,y,2) €S, we have x*+z°=4,y=v,veR

V4




Definition :

3. A plane in space is determined by a point r, = P,(X,, Y,,Z,) I
the plane and a vector n is orthogonal to the plane.
This orthogonal vector nis called a normal vector

4.The plane is denoted by n-(r-r,) =0 where r=(X, Y, 2)
nis a normal vector of the plane
A vector equation of the plane n-(r-r,) =0

7 I

S

o o = Po(Xor Yor Zo)

v



Example :
1.5={(x,v,2)|(1,2,4)-(x-3,y+1,z-4) =0}
2.5={(x,y,2) | 2x-4y+z=0},n=(2,-4,1)
3.5={(X,¥,2) | x+2y+3z=6},n=(1,2,3)

Example :
Find an equation of the plane that passes through t he points
P(1,3,2),0(3,-1,6),R(5,2,0)
Sol:12(x-1)+20(y-3)+14(z-2) =0



Definition

5. Two plane are parallel if their normal vectors are paraliel

6. The angle between the planes S, and S, is @ if their normal

vectors have the angle &

Example :

Find the angle betweentheplane x +y+z=1and x-2y+3z=2
Sol:

The normal vectors of these planes aren, =(1,1,1),n, =(1,-2,3)

Let & be the angle between the planes

cosg=i e - 2 4 cos ™ (——

12°
nJn| Va2 )=

\/_



Example :

7 — f(X, y) _ XZy’ 6-I:(X11) — 2X, 6f(3, y) — 9
OX oy
C,:z=f(x])
Z
C,:z=1@3y)

L.,1=1,2,Is the tangent line of C.



Definition
Let S be a parametric surface and be defined by
S={x ¥, [z=2(u v), y =y(u v), x =x(u, V)}
r(u, v) = x(u, V)i +y(u, v)j + z(u, v)k Fixed (u,,Vv,)
(1) r(u,, V) is a vector function of the single parameter v and defines
agrid curve c, lying on S
(i) r(u, v,) Is a vector function of the single parameter u and defines
agrid curve c, lying on S
(i) The tangent v ector to c, at P, - (X,, Y,,Z,) where X, = X(U ,, V,)
Yo, =Y(U,,V,), 2, =2(u,,V,) Is obtained
rv — 8X(UO’VO) i+ ay(UO’VO) j+ aZ(uO’VO) k
oV oV oV
(iv) Simlarly t o c, The tangent v ector is

r= OX(U 4, Vo) i oy(Uy, Vo) j+ dz(U, V) K
ou ou ou
(v) The surface Sis called smooth if r, xr, =0




Exercises 2

1. Find the cross product ax b, bxa
(1) (-2,3,4),b=(3,0,1)
(i) (1,2,-3),b=(5,-2,-1)
(i) a=(1,2,0),b=(0,2,4)
2.Find |uxv|and determine whether v x u is directed into the
page of out of page
|ul=6

[ul=5 V=8
60° 60°

[VI=5

Q:
@:

lul=6 v=(112
. |VI=8

u=(102)



3. Consider the function

X2y .
f(x, y) =4 x* ry? It (xy) #(0,0)

0 JIf (X, y) =(0,0)
Is f continuous at (0,0)? why or why not?
4. Consider the function

Xy .
) =1 X2 1y F (X, y) #(0,0)

1 ,if (x,y)=(0,0)
(1) show that f(x, y) is not continuous at (0,0)

(i) Find lim _f(x y)




5. Evaluate j _[ xydA, where D is the region in the following
D

Y 4

6. Evaluate j j sin(xy 2)dA, where D ={(x, y) |1< X% +y? < 4}
D



7. Evaluate _[ I x°dA, where D is the region between the ellipse
D

X* +2y* =4and the circle x> +y* =4 ,

8. Evaluate j j xy “dA
D

9. Evaluate the rterated integrals

0 jo% " r2Sin adrd 0

0
»Sing

(i

0

r’drd @

(i) |

J0

) |

o7 1-C0SO

rSin &drd @

" x2dxdy

J0



10. Evaluate _[ _[ e* " dA, where D s the region enclosed by

X*+y° =
11. Evaluate

(i) J' j Sln(x > +y*)dxdy
(i 2'.-m

(iii) js|n,/x +y?, jj|s|n x2 +y? |dA, where

:{(x,y)|x +y°<A4r }
12.Switch to rectangula r coordinate s and then evaluate

4% 5Secd 5 .
L%L r°Sin“adrd @

(X°+y ) 2dydx




13.Find the area of the surface z = x* + y* below the plane z=9

14.Find the area of the surface x =uv, y=u+v,z=u-v,u*+v° <1
15. Find the area of the surface obtained by rotating the given curve
about the x -axis

() y=x%0<x<2
(i) y=+X,4<x<9
16. Evaluate the iterated integral

0 ; joz joy xyzdxdydz (i) [ joz jjr zsinydxdzd y

(i .'03 jow [ yzdydzdx (i) [ jz [ 2xydzdydx




Definition
1. Let S be a smooth parametric surface and is given by the equation
r(u, v) = x(u, V)i + y(u, v)j + z(u, vk, (u,v) e D
and Sis covered just once as (u, V) ranges throughou t the parameter
domain D, then the surface area of Sis A(S) = j f |r, xr, |dA
D

where 1 =X N 2y S NG 92y
ou ou- ol ov oV oV
Example :
1.Spherical coordinate (p, 8, ¢)
‘ PO Y:2)  where p=|opl=+/x?+y? +2°

fé’%w p(p.0.4)  x=psin deoso
y >y y = psin¢sin 6 p>0,0<¢p<7
4 Z = pCoS¢




2.Find the rectangula r coordinates  Spherical coordinate

.25 x =1.sin Zcos” = YO
y =1-sin Zsin 7 _AN6
3 4 4

x 1
Zz=1-coOS—=—
3 2

3.Change from rectangula r to spherical coordinate s

() (1,1,/2) (i) (+/3,0,1) (i) (0,2+/3,-2)
Sol:

(i) ,o:\/x2+y2+z2 =\/12+12+(\E)2 =2

z:pcos¢:>ﬁ:2c:os¢,¢=%

X = psin ¢gcosd = 1= 2sin %cos&’, 0 :%



4., parametric surface S
0)s-— {(x, y, 2) | X = 4sin ¢cos@, y = 4sin ¢sin 0, z = 4cos¢}
0<¢p<rm, 0L6L2rx
S-The surface of a spherical of radius 4
(i) Find the surface area of S
Sol: The parametric equation is
1(@,¢) =4sin gcosO-i+4singsin @ - j+ 4cosg -k
and (0,9) e D={(0,¢)|0<0<27,0<¢ <1}
caculate r, =-4singsin @-1+4singcosd- J+0-K
r, =4c0S¢gcosd -1+ 4cosgsin 0- |+ 4(-sing) -k
i ] K
ryxr, =|-4singsin & 4sin gcoso 0
4cosgcose  4cosgsin g -4sin g
= -16sin°¢gcos éi -16sin “¢gsin & +16cosgsin gk




Thus
v, %, =/ (-165in2gc0s6)? + (-16singsin 6)* + (L6cosgsin ¢)*
=16sin ¢
T 27 i
A(S) =”| r, T, |dA=j0 jo 16sin gd ¢ = 47 16
D

Remark
L.AGS) = [[Ir, xr, |dA
D

r(u,v)

VA /—\

! AU



The area of S;;
A(S;) A Au-r, xAv-r, |51, xT, | AUAV

A(S) =D A(S;) = > (r,xr,)-AuAv
— ”‘ru x T, [dA

2.5={(%, y,2) | z=1(x, y), (X, y) € D}
The surface area of Sis

A(S) =ij\/1+(S—)Z()2 +(2—§)2dA

(X y) = X1+ Y] +1(X, y)k)




Triple Integrals

Rectangula r box :
B={(X,y,2)|a<x<b,c<y<d,e<z<f}
=[a, b]x[c,d]x[e,f]
Example :
1.B =[0,1]x[1,3]x[0,2]

Definition :
Let B =[a, b]x[c,d]x[e, ] be a rectangula r box.[a, b]is divided into
| subinterva Is [X. ,, X;] of equal width AXx, [c,d]is a divided into m
subinterva Is [[y,,, y;] of equal width Ay, [e,f] is a divided into n

subinterva Is [[z, ,,z, ] of equal width Az



LBy =X, Xi %Y1, V1% [24 1, 24 ]
2.The volume of B, — Av =AX-Ay-Az

3. The triple Riemann sum ZZZf(x;k,y;k,z;k)Av
i=1 j=1 k=1
4. The triple Iintergral of f over the box Bis

.[.[If(x y,z)dv = IIm Zzzf(xuk’yuk’ uk)AV

Imn—>0|_1 i1 kel

if this imit exists



Theorem(Fu bini' s Theorem)

If f is continuous on B =[a, b]x][c,d]x[e,f]
then [[[(x, y.2)dv = [ [ [ f(x, y,2)dxdlydz
B

Example :
1. Evaluate mxyzzdv, where B =[0,1]x[1,2]x[1,2]

2. Evaluate [ °(x+yz)dv,where B=[-1,1]x[1,3]%[0,2]
B
. E={(X,y,2)|0<x<1,0<5y<2,x<z2<L1-x-y}
How to define Iﬂxzyzdv:?
E



For a general bounded region E. Consider a rectangula r box
f(x,y,2) (X, vy,2) €k
0 if(x, y,2) ¢ E

Define j j _[ f(x, y, 2)dv = j H F(X, Y, 2)dv

properties
LITE={X ¥, [(xY)eD,a(Xy)<z<¢,(X y)}

then [[[(x, y, 2)dv = [[ ( ("8, y z)dz)dA

P (xy)

B o E, and define F(X, Y, 2) :{

2.ITE={(x,¥,2) |a<x<Db,0,(X) <y<0,(X), a(X ¥) <2< 4, (X ¥)}
then j j _[ f(x, y, 2)dv = Lb _[gg“” e fix, y, 7)dzdydx

1x) Y1 (xy)



Examie :
={(X,¥,2) |0<x<1,0<y<1-x,0<z<L1-x-y}

E

(v it

E
2.E={(X,V,2)|-2<X<2,X*<y<4,-y-x*<z<,y-x}

Z A

- Y=X’+2

-y

E={(X, V,2) |-2<X<2,-V4-X* <z<~4-X*,2°+X* <y<4}

_m\/z +X°dv = j IWL " \/22+x2dydzdx:%




